We discuss the possible realisation in string/M theory of the recently discovered family of four-dimensional maximal SO(8) gauged supergravities, and of an analogous family of seven-dimensional half-maximal SO(4) gauged supergravities. We first prove a no-go theorem that neither class of gaugings can be realised via a compactification that is locally described by ten-or eleven-dimensional supergravity. In the language of Double Field Theory and its M theory analogue, this implies that the section condition must be violated. Introducing the minimal number of additional coordinates possible, we then show that the standard S 3 and S 7 compactifications of ten-and eleven-dimensional supergravity admit a new class of section-violating generalised frames with a generalised Lie derivative algebra that reproduces the embedding tensor of the SO (4) and SO (8) gaugings respectively. The physical meaning, if any, of these constructions is unclear. They highlight a number of the issues that arise when attempting to apply the formalism of Double Field Theory to non-toroidal backgrounds. Using a naive brane charge quantisation to determine the periodicities of the additional coordinates restricts the SO(4) gaugings to an infinite discrete set and excludes all the SO(8) gaugings other than the standard one.
Introduction
It was only recently realised [1] that the classic four-dimensional N = 8 gauged SO (8) supergravity theory of de Wit and Nicolai [2] was actually one point in family of theories parametrised by an angle 0 ≤ ω ≤ 1 8 π. The de Wit-Nicolai theory famously arises as a consistent truncation of eleven-dimensional supergravity on a round seven-sphere [3, 4] . A natural question is whether all the theories in the family can be realised in higher-dimensional supergravity, or, more generally, as string or M theory backgrounds, a possibility that has been investigated by a number of authors [5] [6] [7] [8] [9] 1 .
In this paper, we first prove, using the formalism of E 7(7) ×R + generalised geometry [13] [14] [15] , that only the de Wit-Nicolai theory can be realised in eleven dimensional supergravity. In fact the result is slightly stronger: the generic gaugings cannot be realised in any compactification that is locally described by eleven-dimensional or type II supergravity. Thus T-and U-fold geometries [16] , that is backgrounds which are patched using T-or U-duality symmetries as for example in [17] [18] [19] [20] [21] , are also excluded. In the language of Double Field Theory (DFT) [22] and its M theory analogue [23] , it translates into the condition that the theories cannot be realised without violating the so-called "strong constraint" in DFT or the strong form of the "section condition" [13, 24] in the M theory analogue. For Scherk-Schwarz reductions in DFT, it was shown in [25] that the weak form of the DFT constraint implies the strong form. A corresponding statement for extended geometries for the exceptional groups would then imply that the new gaugings must also violate the weak constraint. In the string theory case this corresponds to violating modular invariance. Such a no-go theorem is not an unexpected result, and a partial proof, applying only to SL(8, R) subgroups of the full E 7(7) ×R + structure group, has already appeared in [7] .
In the second part of the paper we find a realisation of generic gaugings, using a minimal extension of conventional geometry, that explicitly violates the weak form of the section condition. We use the idea that the generalised Lie derivative algebra can still, in some cases, close on a set of frames that violate the weak constraint [25, 26] . The new gaugings were originally constructed using the embedding tensor formalism [27] . Finding an uplift translates geometrically into finding a generalised frame, which, under the generalised Lie derivative, reproduces the embedding tensor algebra. We showed in [15] that the consistent truncations on the standard S 7 background considered by de Wit and Nicolai [3] can be interpreted in generalised geometry as admitting precisely such a "generalised Leibniz parallelisation". As in conventional Riemannian geometry, a given background admits a family of different frames. In the case in hand these frames are related by local SU (8)/Z 2 rotations. The new result here is that the same standard S 7 geometry admits a family of section-violating generalised frames that, using the standard expressions for the generalised Lie derivative [13] , reproduce the algebra of the full family of SO (8) gauge theories. 1 Very recently [10] , this question was also considered for the ISO(7) gaugings of N = 8 supergravity.
Here, the family of gaugings consists of only two points [8] : a purely electric gauging [11] and a dyonic gauging. These arise as consistent truncations on S 6 of type IIA [12] and massive type IIA supergravity respectively [10] .
There is a family of SO(4) gaugings in seven-dimensional half-maximal supergravity [28, 29] that closely parallels the SO(8) gaugings of [1] . A limiting case is the standard SO (4) gauging that arises from an S 3 compactification of N = 1 ten-dimensional supergravity and corresponds to the near-horizon limit of multiple NS fivebranes. Again, as we show in appendix A, there is a no-go theorem that the generic gaugings cannot be lifted to any locally geometric background. The strong constraint of DFT must again be violated, and, following [25] , hence also the weak constraint. An earlier proof, using a slightly different notion of geometrical, was given in [29] . The authors of [29] further give an explicit frame, violating the weak constraint, that reproduces the embedding tensor algebra of the generic gaugings. In this paper, we give an alternative realisation, showing that, in analogy with the S 7 case, the conventional S 3 background actually admits a family of generalised frames that violate the weak constraint but reproduce the embedding tensor algebra.
The SO (4) example is useful as it highlights several of the issues that arise in the SO (8) case in a much simpler purely string theory context. In particular, the standard S 3 background is just an SU (2) WZW model. Doubled geometries based on group manifolds have been discussed in [30, 31] , and the relation betweens these models, DFT and T-folds in the case of SU (2) has been discussed very clearly in [32] . More recently a new version of DFT was derived for WZW backgrounds [33] , giving an alternative description of the new gaugings. This connects to perhaps the most straightforward approach which is to find an explicit string conformal field theory description of the gaugings. The natural candidate suggested in [33] is an "asymmetric" SU (2) WZW model with different levels on left and right. However this does not admit a modular-invariant partition function [34] , reflecting a violation of the weak constraint.
By definition, considering a frame that violates the section condition means that we are considering an "extended spacetime" with additional coordinates, as in DFT. For example, in the full M-theory version one would, in the context of SO (8) gaugings, replace the internal seven-dimensional supergravity manifold with some 56-dimensional space. There is a long history of introducing such extended spaces, and some reviews and references are given in [35] [36] [37] [38] . This extended spacetime picture is in constrast to generalised geometry, where one considers structures on an extended generalised tangent space but the underlying manifold remains the conventional seven-dimensional one.
The physical interpretation, if any, of these extra coordinates for generic backgrounds remains an open question. DFT began as a theory describing d-dimensional toroidal string backgrounds, where the extended space X is 2d-dimensional space with a global flat O(d, d) metric, and the extra coordinates come from the winding states of the string [22] . Locally the section condition implies that all the fields are independent of half the coordinates and formally the field equations then reduce to those of the NSNS sector of type II supergravity in d dimensions. However, globally one can also have more interesting configurations of the T-fold type, and it is the realisation of such exotic backgrounds, along with the torus T-duality, within an extended geometry that was the main motivation for the formulation. Subsequently the equations of DFT have been applied to much more general configurations, irrespective of whether any corresponding string winding modes exist. In addition, as already mentioned, study of WZW backgrounds suggests that the equations of DFT, including the section condition, may be more involved than those that appear from toroidal backgrounds [33] , such that DFT is potentially background dependent.
A number of questions naturally arise when attempting to extend DFT and its Mtheory version to non-toroidal backgrounds [38] [39] [40] [41] [42] [43] , most fundamentally perhaps, what the additional coordinates correspond to if there are no winding states. The fact that under the strong constraint the equations are formally equivalent to generalised geometry and hence supergravity suggests that, in this limit at least, DFT gives a valid description. However, even in this case the situation is actually more subtle. In generalised geometry the O(d, d) metric and generalised Lie derivative exist on an extended tangent space over a conventional d-dimensional manifold. In DFT, one must extend these structures over a suitable doubled space X and this is generically problematic. The condition that all the fields are independent of half the coordinates defines a foliation, such that the ddimensional conventional spacetime M appears as the quotient of X by the action on the leaves (c.f. [40] ). In addition, the doubled space is typically required to admit a flat O(d, d) metric. The existence of the metric and foliation structure is quite restrictive, and implies the existence of certain additional structures on M . Even dropping the requirement that the metric is flat does not allow one to describe generic supergravity backgrounds [42] . This has led to the suggestion that the doubled space is in some sense not a manifold [39] , perhaps admitting some non-associative structure [37] . As noted in [38] , a key problem is that there is no embedding of the algebra of the generalised Lie derivative into the conventional Lie derivative algebra on the doubled space X . An alternative interpretation [38] is that, patch by patch, the O(d, d) metric and generalised Lie derivative are defined not on X but on the d-dimensional quotient space as in generalised geometry.
In addition, violating the weak constraint appears to be a radical step, since, at least in the original derivation for toroidal backgrounds, it implies violating level matching, and hence modular invariance. Generally the strong constraint is a necessary condition for the generalised Lie derivative to reproduce the closed algebra of diffeomorphisms and form-field gauge transformation of supergravity, the so-called generalised diffeomorphisms. Following [25, 26] , it is possible to require only that a fixed generalised frame exists, giving a closed algebra under the generalised Lie derivative, in which case examples violating the strong (and weak) constraint can be found, and this is essentially the approach we adopt. However, it is important to note that in this case, only a finite dimensional algebra of symmetries survives, and this is not a subalgebra of some larger infinite dimensional space of generalised diffeomorphisms. As such the conditions for closure are considerably weaker.
As should be clear from this discussion, finding an uplift of gauged supergravity to some extended spacetime theory is very far from providing a proof that the model can be realised in string or M theory. Our own position is that we remain sceptical about the physicalness of the extended coordinates of DFT and its M theory cousin beyond toroidal backgrounds, even with the section condition satisfied. That said, here we will attempt to give at least an internally consistent, minimalist approach to defining the extended geometry. We do not introduce the full set of doubled or extended coordinates, but only a minimum number, required to realise the algebra and such that the relevant O(3, 3) or E 7(7) structures, along with the generalised Lie derivative, can be explicitly defined in a covariant and global way. Thus our discussion can partly be viewed as an exercise in seeing what additional structures must be present when requiring the extended space to exist. Whether these descriptions are in any way physical remains an open question.
The situation is clearest for the S 3 example, where, following [32] , we treat the extended space as T-fold, with the extra coordinate dual to strings wrapping the Hopf fibre, giving us confidence in the validity of the extended geometry. However the issue of the physical meaning of violating the strong (and weak) constraint remains. For the S 7 case the physical interpretation of the extra coordinates, while potentially related to wrapped D0-, D2-, D4-and D6-branes under the reduction to the type IIA on CP 3 , is actually considerably less clear. This is because the moduli spaces of the wrapped branes, other than for D0-branes, are not the geometrical CP 3 and, unlike the T-fold case, there are no duality symmetries exchanging the different types of brane. In both cases, the brane interpretation fixes the periodicities of the extra coordinates and hence the global structure of the extended space. Interestingly, we then find that only a discrete, infinite, set of the non-geometric frames in S 3 case are globally defined (some of these also survive the quotient to the Lens space S 3 /Z p ). For the S 7 cases only the original geometrical frame is global, however, as mentioned, the brane interpretation of the extended geometry is much less well motivated in this case.
The structure of the paper is as follows. Section 2 discusses how consistent truncations are realised in generalised geometry and derives the no-go theorem for the SO (8) gaugings. The corresponding derivation for the SO (4) gaugings is given in appendix A. Section 3 includes a short discussion of some of the key aspects of extended geometries and the section condition, and the issues that arise when attempting to apply the formalism to non-toroidal backgrounds. Section 4 then defines the extended T-fold geometry for S 3 , introduces the non-geometric frame and derives the corresponding gauge algebra. Section 5 defines the extended geometry and non-geometric frame for the S 7 background, and discusses the global properties. Much of the detailed calculation is relegated to the appendices. We conclude in section 6.
A no-go theorem for SO(8) gaugings
We start by using generalised geometry to prove a no-go theorem: that the new SO (8) gaugings cannot be realised as a compactification of a higher-dimensional theory that is locally geometrical. This means that, not only can they not can be realised as compactifications of eleven-dimensional supergravity, but they are also not described by the standard class of non-geometrical backgrounds. This is the class of spaces that are locally described by eleven-dimensional supergravity, but have no global geometrical description, such as U-folds and asymmetric orbifolds. Since we will consider them as a simpler toy model in what follows, for completeness, we also prove the equivalent no-go theorem for the family of SO(4) gaugings of half-maximal seven-dimensional supergravity in appendix A.
Here we will focus only on supergravity, but, as we review in the next section, in the extended spacetimes models of DFT and its E d(d) cousin, it is standard to impose a "section condition" or "strong constraint" which restricts the dependence on the coordinates of the extended spacetime and is necessary to guarantee the closure of the gauge algebra. Under this condition, locally the theory is identical to conventional supergravity and hence we can again use a (local) generalised geometry analysis. Thus in the language of extended spacetimes, our no-go theorem implies that the new gaugings can only be realised if one violates the section condition. In [25] it was shown that, for DFT uplifts of gauged supergravity, if the frame violates the strong form of the section condition then it also violates the weak form, and one expects the same to hold for the E d(d) case. Since, in Double Field Theory, the weak constraint corresponds to level-matching in the string conformal field theory, dropping this condition is a significant and a priori hard to justify step.
Let us start by recalling the form of the family of inequivalent SO(8) gaugings discovered in [1] . The structure of a given four-dimensional gauged N = 8 supergravity is completely specified by an embedding tensor X AB C transforming in the 912 representation of E 7(7) [27] . For the particular gaugings of interest in this section, it is most convenient to study this object under the decomposition under the SL(8, R) subgroup
The new SO (8) gaugings of [1] have only the 36 and 36 ′ parts non-zero
The space of inequivalent theories is parameterised by ω ∈ [0, π 4 ), with the standard geometrical S 7 case corresponding to ω = 0.
Consistent truncations and generalised frames
In [15] , it was argued that all consistent truncations of ten-or eleven-dimensional supergravity preserving maximal supersymmetry correspond to what was called a generalised Leibniz parallelisation on the compactification space. This is a particular type of preferred frame on the generalised tangent space. In particular we showed that the conventional S 7 truncation of eleven-dimensional supergravity, giving the SO(8) gauging with ω = 0, admitted precisely such a parallelisation. The proof of the no-go theorem depends on showing that such a frame does not exist, even locally, for general ω.
Let us first recall how such a frame is defined. The new gaugings admit an SO(8) invariant AdS vacuum. A local geometrical lift of the vacuum, is some patch of elevendimensional spacetime of the form AdS 4 ×M where M is some open set diffeomorphic to a patch of R 7 . In addition we have a metric
and, generically non-trivial four-form flux F and seven-form fluxF on M , whereF is the eleven-dimensional dual of the usual four-form flux on AdS 4 . The N = 8 supersymmetry implies we can also identify eight independent Killing spinors on M . The E 7(7) ×R + (exceptional) generalised geometry on M is defined on the generalised tangent space [44, 45] 
which transforms as the 56 1 representation under E 7(7) × R + action, where a scalar 1 k of weight k under R + is a section of (det T * M ) k/2 . A generalised frame {Ê A } in this geometry therefore carries an index A = 1, . . . , 56. In addition, given V, V ′ ∈ E there is a generalised Lie derivative [13] given by 2 5) wich captures diffeomorphisms together with the gauge transformations of three-form and dual seven-form gauge fields. The generalised metric G defines a postive-definite inner product on the space of generalised vectors that is invariant under the maximal compact subgroup H 7 = SU (8)/Z 2 . It unifies all the bosonic degrees of freedom on the internal space, along with the warp factor ∆. One can define an orthonormal frame by requiring, as usual,
By definition, different orthonormal frames are related by SU (8) transformations. One can make this structure more explicit by decomposing
where α and β are SU (8) indices. For what follows we will also need the decomposition into a pair of real representations under the subgroup SO(8) ⊂ SU (8)/Z 2 , giving
where we are matching the conventions of [13, 14] . Full details of the conventions for gamma matrices and generalised geometry in SU (8) indices can be found in appendix D. The orthogonality conditions (2.6) then read
(2.10)
Lifting the four-dimensional supergravity means we specify a particular metric and flux on M , and hence determines a particular generalised metric G. The eight independent complex Killing spinors spinors define a basis for SU (8) and hence a preferred frame {Ê αβ } for G. Hence,
The lift of any N = 8 gauged supergravity defines a preferred generalised frame
This frame is defined up to SU (8)/Z 2 R-symmetry rotations, that is transformations that are constant on M but can depend on the four-dimensional space coordinates x µ . If the lift is geometrical, that is M is a full seven-dimensional manifold not just some open patch, the preferred frame is globally defined and hence gives generalised parallelisation of E.
In addition, the frame {Ê A } encodes the embedding tensor X AB C of the gauged supergravity via the generalised Lie derivative [13, 25, 26, 46, 47 ]
The coefficients X AB C are constant on M . If M is global, this defines a "generalised Leibniz parallelisation", which can be viewed as the generalised geometry analogue of a local group manifold. It was argued in [15] that all maximally supersymmetric consistent truncations are of this form. The lifts of generic points in the gauged supergravity are simply given by E 7(7) rotations of the preferred frame, in analogy with conventional Scherk-Schwarz reductions,Ê
where U A B ∈ E 7(7) and x µ are coordinates in four dimensions. The inverse of the corresponding x-dependent generalised metric is given by
where
Since the {Ê A } is defined only up to an x-dependent SU (8) rotation, the U A B really parametrise a coset E 7(7) /(SU (8)/Z 2 ). These are the scalar degrees of freedom of the four-dimensional gauged supergravity. Using the results of [48] one can write similar expressions for the four-dimensional gauge fields in terms ofÊ A [49] . Finally we note that, using the Leibniz property of the generalised Lie derivative, acting with LÊ A on (2.6) gives 14) where X ABC = X AB D δ CD . Recall that, viewed as matrices X A with components (X A ) B C = X AB C , the embedding tensor generates the gauge group G ⊂ E 7(7) of the gauged supergravity [27] . If G ⊆ SU (8)/Z 2 then the action of X A must preserve the metric δ AB , implying 
Proof of the no-go theorem
The embedding tensor for the SO(8) gaugings (2.2) implies that we require a generalised frame satisfying LÊ 
The key ingredient in the proof is the graded form of the generalised Lie derivative (2.5). In particular the vector part of L V V ′ can only come from the vectors in V and V ′ , namely it is given by Lie bracket
Let us focus first on the first line of (2.15) . Note that in this case LÊ ijÊ kl = −LÊ klÊ ij and the first line is simply the so(8) Lie algebra. If we can expand the frame into its componentŝ
the grading of the generalised Lie derivative implies that vector components u ij satisfy
In addition, the condition (2.17) implies that 20) and so u ij are Killing vectors, and in addition preserve the fluxes. A priori, some of the vectors u ij may be identically zero. To see that this is not the case, let g be the so(8) Lie algebra generated by theÊ ij . Define a subalgebra k ⊂ g of those elements with vanishing vector components. Given the grading of the generalised Lie derivative we have
In other words k is an ideal. But so (8) is simple, and so has no non-trivial ideals, and hence k = 0. Thus none of the u ij can vanish. We have shown that the uplift geometry admits 28 Killing vectors generating an so(8) Lie algebra. This implies that the metric and gauge fields, and hence the generalised metric G, are locally those of the round S 7 with constantF proportional to the volume form, and vanishing F . Since locally the AdS 4 background must satisfy the eleven-dimensional equations of motion, we see that, geometrically the putative uplift is exactly the same as for the standard SO(8) theory with ω = 0.
This result can also be seen by considerations of supersymmetry. Like the de WitNicolai theory, all of the new gauged SO (8) theories possess an AdS 4 vacuum at the origin of the scalar manifold which preserves the full N = 8 supersymmetry in four dimensions [1] .
Any locally geometric uplift of this vacuum must therefore preserve maximal supersymmetry from the eleven-dimensional point of view. However, the only maximally supersymmetric AdS 4 solution of eleven-dimensional supergravity is the AdS 4 ×S 7 solution [50] , so this must be the local geometry of the uplift.
Returning to our analysis of the generalised Lie derivative algebra, using the analogous argument forÊ ′ ij , the last line of (2.15) 
In [15] we showed that the round S 7 admitted a generalised Leibniz parallelisation of the formF
where ω ij , σ ij and τ ij are defined in (C.2) and (C.3). This frame gave the standard SO (8) gauging with ω = 0. If we rotate to SU (8) indices we have 3 25) where v αβ = − 1 32 iγ ij αβ v ij and + . . . denotes the non-vector parts. We have shown that the generalised metric is the same in both cases, and so {Ê A } and {F A } must be related by an SU (8)/Z 2 transformation, that is, we must be able to find a local U α β ∈ SU (8) such that
In particular, for there to be a local uplift of the generic gauging, we need U α β such that
We can consider the SU (8) invariant tensor, symmetric on four vector indices, given by
where we have written the explicit m, n, . . . = 1, . . . , 7 vector indices on M . It is relatively easy to see that this is non-zero 4 . Forming this invariant from both sides of (2.27), we find it has no solution for U ∈ SU (8) unless e iω is a fourth root of unity. In particular, in the range ω ∈ [0, π 4 ) the only solution is the trivial one at ω = 0. Thus we can conclude, as required, that only the standard ω = 0 gauging admits a locally geometrical uplift.
Finally, one might ask if looking for an uplift to type II theories, in particular type IIB, might avoid this theorem. The local supergravity theory is again described by E 7(7) ×R + generalised geometry [13, 14] but with M six-dimensional and a different decomposition of the generalised tangent space, namely [44] 
where ± refers to Type IIA and IIB. Exactly the same arguments applied above can be used to show that the vector components u ij ofÊ ij are all non-zero and form an so (8) isometry algebra under the conventional Lie bracket. However, this possibility is excluded since the maximal number of isometries in d = 6 dimensions is
Thus it is impossible to realise any of the SO(8) gaugings as locally geometric uplifts to type II.
Extended theories and the section condition
Before turning to how we might realise the generic SO (8) gaugings in an extended theory, let us briefly summarise some of the key aspects of DFT and the section condition [22] as the primary example of such an extension, and then also the corresponding conditions for the E 7(7) extended geometry relevant to M-theory. This will also allow us to discuss some of the issues that arise when attempting to apply the formalism of extended geometry to non-toroidal backgrounds (see for example [38] [39] [40] [41] [42] [43] ).
In the standard formulation of DFT one considers a patch U of some 2d-dimensional space X with coordinates X M = (x m , y m ) and a flat O(d, d) metric
This structure was originally derived from string field theory on a toroidal background. In that case, the coordinates X M are picked out by the compactification: the x m are flat coordinates on T d , dual to the momentum modes of the string, and y m are flat coordinates on the T-dual torus dual to the winding modes. More generally the coordinates X M are determined on a given patch U up to transformations that preserve the form of the metric η, that is, constant O(d, d) rotations and translations
If X = T 2d the corresponding global rotation isometries give the discrete T-duality group O(d, d; Z). By taking more general, quotients R 2d /Γ for some freely acting discrete subgroup Γ of the rotations and translations, the construction also gives a geometrical description of non-geometric T-fold backgrounds, where the space is patched using T-dualities [20, 22] . In DFT one then considers fields over X , in particular a generalised metric G M N encoding the conventional metric and B-field. One also defines the generalised Lie derivative,
where indices are raised and lowered using η and ∇ M is the (flat) Levi-Civita connection. This expression is usually written using the partial derivative ∂ M not the connection ∇ M , with the assumption that one is using the flat coordinates X M . Here, as in [42] , we use the Levi-Civita form to stress the covariance of the expression. (Obviously in the preferred coordinates X M , we have ∇ M = ∂ M and the expressions agree.) Note that generically the generalised Lie derivative does not satisfy the Leibniz condition and hence does not define an algebra. The strong constraint, or section condition, states that, given any two physical fields f and g (which may be tensors) on X one has
where again we use the Levi-Civita connection to make the expressions covariant. Under the weak constraint only the first condition holds. Note that if the product f g also satisfies the weak constraint then it is easy to see that the weak constraint implies the strong constraint. Thus the distinction only applies when naive products of physical fields are not physical. For vectors V and W satisfying the strong constraint, the generalised Lie derivative L V W also satisfies the strong constraint. Furthermore it satisfies the Leibniz condition and hence defines an algebra. For generalised Scherk-Schwarz reductions an important result is that if the frame satisfies the weak constraint then it also satisfies the strong constraint [25] . The argument is as follows. The frame itselfÊ A must be physical because the uplift of the supergravity gauge fields depends onÊ A . Similarly, the x-dependent generalised metric G ′ given in (2.13), which gives the uplift of the scalar fields, must also be physical. This means that bothÊ A and the productÊ A ⊗Ê B appearing in G ′ must satisfy the weak constraint. But that then implies eachÊ A satisfies the strong constraint. The argument is actually slightly subtler since G ′ does not depend on an arbitrary product of frames, however, using the additional information of the Leibniz proporty of the generalised Lie derivative, one can indeed show that the weak form implies the strong form. In terms of our no-go theorems, this is implies that the generic gauged supergravities actually cannot be realised without violating the weak constraint.
The strong section condition is usually interpreted to mean that one looks for the most general solution of these conditions, given a large number of fields f, g, . . . . Locally the fields are independent of half the coordinates. Put another way, it defines a sub-bundle N ⊂ T X , such that, on a physical field f , we have V M ∇ M f = 0 for all V ∈ N , and in addition N is a maximal, null sub-space, that is it is d-dimensional and
(One such subspace is for example the set of vectors of the form V = v m (∂/∂y m ).) By definition (for example by acting on scalar physical fields f ) it is clear that
where [V, W ] is the conventional Lie bracket on X . Locally one can always choose coordinates so that the solution of the strong constraint sets all the fields to be independent of y m . Taking the quotient of X by the action of ∂/∂y m on the leaves of the foliation gives some patch U of R d , and the physical fields such as the generalised metric, descend to fields on U . The nomenclature "section condition" is thus somewhat confusing: it does not define a d-dimensional subspace of X but rather allows one to take a quotient, a point stressed in [40] . Furthermore, the DFT generalised Lie derivative reduces to the standard generalised Lie derivative of generalised geometry on U , also known as the Dorfman derivative. Thus, locally, under the strong constraint, DFT reduces to generalised geometry.
As we have mentioned, the physical interpretation of the doubled spacetime X for nontoroidal backgrounds remains an open question, primarily because there is generically no simple interpretation of the extra y m coordinates as dual to winding modes, nor indeed is there generically any action of T-duality. Since we will be interested in extended geometries based on spheres, in particular S 3 in the case of DFT, we must address these issues. For the moment, one can simply assume a doubled spacetime X exists. The standard requirements then seem to be that there is
It is typically assumed η has the form (3.1) and so is flat. By the Killing-Hopf theorem this implies X = R 2d /Γ (assuming it is complete). In addition, for standard geometrical backgrounds the quotient along the leaves of the foliation must exist and give a conventional
The key point is that the existence of η and N imply the existence of additional structures that can strongly restrict what spaces are allowed. One can try to overcome this by relaxing the condition that η is flat as in [42] . An alternative interpretation, proposed in [38] , assumes that the foliation of X exists, but η and the generalised Lie derivative are defined only on the (local) d-dimensional quotient space, as in generalised geometry. The most radical suggestion to overcome the problem is to insist on the primacy of the doubled structure, and drop the condition that X is a manifold [39] with conventional diffeomorphism symmetry, though exactly what object it is remains unclear. In the proposal of [39] , one still introduces local coordinates X M so X does in fact still admit a manifold structure. One then tries to map the group generated by the generalised Lie derivative under the strong constraint into the conventional diffeomorphism group and use this to define a new notion of tensor. Related proposals have appeared in [40] and [41] . However, this map is not a group homomorphism [38] , so it is unclear in what sense X is supposed to realise the group structure of the generalised Lie derivative.
Assuming more conservatively that X is a manifold with the conventional notion of tensors, in order to see the constraints implied by the existence of η and N , let us try and construct the doubled space X corresponding to a generic conventional spacetime M . Naively, since locally the equations of DFT reduce to those of conventional supergravity, or more precisely the generalised geometry reformulation of supergravity, it would appear one can view any supergravity background in DFT. However, this is not the case. Generalised geometry formulates the geometry on the generalised tangent space E ≃ T M ⊕ T * M over a d-dimensional manifold M . Given that M is supposed to be a quotient of the doubled space X by the action on the leaves, the doubled space X must be the total 2d-dimensional space of the cotangent bundle X = T * M (or some compact quotient thereof), with the foliation corresponding to the fibres. Locally we have coordinates (x m , y m ) on X where x m are coordinates on M and y m dx m is a one-form at the point x ∈ M . This space has the correct topology since restricting to the zero section y m = 0 we have T X | M ≃ T M ⊕ T * M . However, there is generically no natural flat metric on X = T * M . The best one can do is to allow non-flat metrics, as first considered in [42] . We use the fibration structure to define
where Γ p mn (x) is some GL(n, R) connection on T M . We see immediately that defining η, and hence also the generalised Lie derivative, requires addition information: specifically a choice of connection on M . If one additionally takes the standard assumption that the metric on X is flat, we see that a necessary condition is that Γ p mn must be pure gauge, meaning we can choose coordinates x m such that it disappears. But this implies that T M is trivial, at least up to some discrete holonomy. In other words the d-dimensional manifold M must be parallelisable (or some discrete quotient of a parallelisable manifold). This is consistent with the original observation that the double space is only naturally defined for toroidal backgrounds. These restrictions are in marked constrast to the generalised geometry picture. There one only requires η and the generalised Lie derivative to be defined on the zero section y m = 0. But from (3.7) we see that η| M = dx m dy m independent of the connection Γ p mn and hence there is a natural O(d, d) metric in generalised geometry, without the need for additional structure. The same holds for the generalised Lie derivative. Thus generalised geometry can be defined for any differentiable manifold M . The problem in DFT is precisely how one extends the generalised geometry O(d, d) metric away from the zero section. Note that this picture is nonetheless consistent with the proposal of Hull [38] where η and the generalised Lie derivative are only required to exist on the quotient space, which here is simply M itself.
Let us briefly summarise how the analogous constructions and obstructions appear in the E 7(7) extended geometry. One now considers a 56-dimensional space X with coordinates X M , that admits a constant E 7(7) structure defined by the symplectic and symmetric quartic invariants
where Ω M N and Q M N P Q are the standard invariants (see for example [51] ), independent of X. The geometry is invariant under global transformations of the form
where A is a global E 7(7) rotation 5 . One can define a fixed torsion-free connection ∇ M which is equal to ∂ M in the particular X M coordinates. Thus X is an affine manifold and so, as in the O(d, d) case, if it is complete, then X = R 56 /Γ, where Γ is a freely acting discrete subgroup of E 7(7) together with translations. Given physical fields f and g the strong section condition is given by [13] 
where P M N P Q projects onto the 133-dimensional adjoint representation. From the general analysis of [52] one sees that one also needs to impose [48] 
In the weak form of the condition, only the first condition in (3.10) holds. As in DFT, following [25] , one expects that, for a Scherk-Schwarz uplift, requiringÊ A to satisfy the weak constraint implies that it also satisfies the strong constraint, essentially because the generalised metric G ′ given by (2.13) must be physical. The full proof should require use of the Leibniz property of the generalised Lie derivative. For the no-go theorem of the previous section, this would imply that the generic SO(8) gaugings can only be realised by violating the weak section condition. As for DFT, only certain seven-dimensional supergravity manifolds M can be realised in the extended theory. One takes X to be the total space
, or a compact quotient thereof. Just as before, defining general E 7 (7) invariants Ω and Q on T X requires a choice of GL (7) connection Γ on T M . If Ω and Q are flat, as in (3.8), then a necessary (but not sufficient) condition is that M must be parallelisable. Again this is in contrast to generalised geometry, for which the E 7(7) structure exists for arbitrary manifolds M -the obstruction in the extended theory is again how one extends this structure away from the zero section.
In summary, we have seen that requiring the existence of a doubled or extended manifold X is quite constraining. At the very least, the relevant generalised structure and section condition imply the existence of additional structures on the conventional d-dimensional space, namely a choice of connection, and in the standard formalism it implies X has the form R 2d /Γ (or R 56 /Γ for E 7 (7) ) and that M is (at least) parallelisable. (An exception is the interpretation of [38] which only requires the generalised structure to exist on the (local) quotient.) For these reasons, in the following, we will adopt a minimalist approach to defining the extended geometry, defining as little additional structure as possible. In particular, we will not introduce the full set of doubled or extended coordinates, but only a minimum number, such that the generalised Lie derivative, can be explicitly defined in a covariant and global way. (4) gauging that appears as a consistent truncation of the ten-dimensional N = 1 supergravity on S 3 corresponds to ω = 1 4 π, and, as we show in appendix A, there is again a no-go theorem stating that the generic gaugings cannot be realised as a locally geometric uplift to the ten-dimensional theory. From [25] , this implies that any uplift must violate the weak constraint. (An earlier proof, using a slightly different notion of geometric, has been given in [29] .) Thus this family provides a closely related, but simpler, version of the issues one has to address in realising the new SO (8) gaugings of [1] .
The standard S 3 reduction of radius R is simply an su(2) WZW model at level q = R 2 [53] , so the most straightforward question is to ask if there is a conformal field theory description of the generic gauging. A natural proposal, coming from the analysis of DFT on WZW backgrounds given in [33] , is an "asymmetric" su(2) WZW model, with different levels on the left and right, such that the ratio is related to the angle ω. However, such models are known not to admit a modular invariant partition function [34] . This matches with the no-go theorem, since the weak constraint of DFT, strictly derived only for toroidal backgrounds, corresponds to level matching and hence modular invariance. Notwithstanding this, the uplift question was first addressed using DFT in [29] , where an explicit non-geometric generalised frame was constructing, violating the weak constraint, such that the generalised Lie derivative algebra reproduced the generic SO(4) embedding tensor. In this case, the ω = 1 4 π point was realised using a non-geometrical background rather than as S 3 .
In the following we will give an alternative realisation of the gaugings as a doubled geometry, though again violating the strong and weak constraints. In this case, the underlying geometry is always the same: a round S 3 with H-flux. This means that the corresponding generalised metric G is perfectly geometric, and describes a standard supergravity background. However, we choose a generalised frame for G that is non-geometrical, that is, depends on the doubled space in a way that violates the weak constraint. Thus the description is only very "weakly" non-geometrical. Furthermore, the enlarged geometries we define are, in a second sense, the weakest extension of conventional geometry one might consider: we only extend one coordinate on the sphere (not all three), so that the extended geometry is well-defined as a T-fold.
Using the global structure of the T-fold, we find that the parameter ω can only take discrete values. We then show that this construction can be extended to give SO (4) frames on the Lens spaces S 3 /Z p , such that one can realise a larger, but still discrete, range of ω values. Since this construction violates the weak constraint, we are sceptical that it is giving a true string theory uplift. Nonetheless, within the language of DFT it corresponds to a minimal relaxation of the standard rules, and is perhaps a useful exercise in exploring the difficulties in defining extended geometries for generic backgrounds that have been mentioned in the previous section.
Let us briefly summarise the structure of the SO(4) gaugings and the S 3 uplift of the ω = 1 4 π case. The general embedding tensor [54, 55] for half-maximal seven-dimensional gauged supergravity is a three-form X ABC where A = 1, . . . 
with 0 ≤ ω ≤ 1 4 π so that 1 ≤ cot ω ≤ ∞ and where we regard two embedding tensors related by a global O(6, 6) rotation as equivalent 6 . The standard SO(4) gauging arising from a consistent truncation on S 3 corresponds to ω = 1 4 π while the ω = 0 limit defines an SO (3) gauging. To construct such gaugings as local geometrical lifts, we need a generalised frame {Ê A } = {Ê R a ,Ê L a }, satisfying the algebra
We see that we have a pair of SU (2) [15] that on S 3 such a frame can be concretely constructed out of left-and right-invariant vectors and one-forms, as we now summarise. The near-horizon limit of q parallel NS fivebranes is described by a spacetime of the form R 5,1 × R t × S 3 with metric, B-field and dilaton given by [53] 
where Hopf fibre coordinate ψ has periodicity ψ ∼ ψ + 4π and we take units where α ′ = 1. Integrating H over S 3 one sees that the quantisation of the H-flux gives R 2 = q ∈ Z. The solution preserves half of the supersymmetries of type II. T-dualising the Hopf fibre, one obtains the Lens space S 3 /Z q with one unit of H flux [56] . This solution has the same local form but with a Hopf fibre coordinateψ with periodicityψ ∼ψ + 4π/q. One can construct a global generalised frame on the generalised tangent space E ≃ T S 3 ⊕ T * S 3 given by [15] 
where l a and r a are the usual left-and right-invariant vectors and λ a and ρ a the corresponding forms given in (B.2) and (B.3). Explicitlŷ 5) 6 Note that the R −1 factor can always be scaled out of these components by an SO(6, 6) transformation, but in what follows it is convenient to retain it. and similarlŷ
The algebra (2.11) of this frame under the generalised Lie derivative is precisely (4.2) with ω = 1 4 π.
The T-fold double geometry
Our goal is to construct an extended geometry corresponding to S 3 with a global sectionviolating frame on S 3 that reproduces the general algebra (4.2). A clue to how we might do this is to recall that under T-duality along the ψ Hopf fibration, the S 3 solution with q units of flux is dual to the Lens space S 3 /Z q with one unit of flux. Consider the frame {F A } given in (4.4) on the Lens space, where we label the Hopf fibre coordinateψ. We find that theF R a frame is still globally defined, but not theF L a frame since on S 3 /Z q the periodicity of the Hopf fibre isψ ∼ψ + 4π/q. Thus it appears that S 3 /Z q does not admit a global frame. Correspondingly there are fewer global Killing spinors and the S 3 /Z q background only preserves one-quarter of the type II supersymmetry. However, we still have the original frame defined on the dual S 3 , depending not onψ but the dual ψ coordinate, along with the corresponding Killing spinors. Thus if we allow the frame to depend on the dual ψ coordinate, the S 3 /Z q still admits a global frame and preserves half the supersymmetries. This is the phenomenon of "supersymmetry without supersymmetry" as analysed for S 5 in [57] .
This immediately suggests a generalisation where we allow the frame to depend on both ψ andψ. One starts by defining a "T-fold" [16] , a four-dimensional space X composed of an S 2 base, parametrised by θ and φ, with two circles fibered over it: the Hopf fibration of the original S 3 with coordinate ψ and the dual circle fibration for S 3 /Z q with coordinatẽ ψ, so
Such geometry has been discussed in some detail in [32] . Note that there is no conserved winding number to generate the charge for the corresponding S 1 ψ circle since the fundamental group π 1 (S 3 ) is trivial, though there are corresponding extended string states wrapping great circles. We take the periodicities ψ ∼ ψ + 4π,ψ ∼ψ + 4π/q, (4.8)
with R 2 = q. The T-duality map identifies
and similarly for
The space X is commonly referred to as a "correspondence space" (see e.g. [58] ), which possesses projections onto both the physcial background and the T-dual space. Although we focus on the S 3 case, the space X, and the extended geometry described below, can be defined in exactly the same way for more general S 1 fibration backgrounds.
One can clearly view the S 1 × S 1 fibre as a conventional double torus geometry with an O(1, 1) metric given by ds 2 = 1 4 R 2 dψdψ. However, we can also consider a sort of hybrid doubled geometry on X itself. It is not conventional generalised geometry, which would only describe objects on S 3 , nor is it the full double geometry which would require some six-dimensional space. Instead, it is the minimal extension allowed, introducing an explicit dual coordinateψ for a single isometry ∂ ψ . The six-dimensional generalised tangent space on X is built from generic vectors v together with one-forms λ that are sections of a sub-bundle pulled back from S 2 , namely
The identification (4.9) means that the vector component vψ should transform like the oneform λ ψ and similarly for v ψ and λψ. This actually defines E as a somewhat unconventional extension
where x α are coordinates on S 2 . Suppose on the overlap U i ∩ U j of two patches of S 2 , the S 1 fibres are patched by
then we have
(4.14)
HereΛ ∈ T * S 2 describes the patching of the B-field on the base S 2 . Concretely, given
Crucially, there is an O(3, 3) metric on E given by
As stands this form of the metric does not look covariant. However, this is simply due to the unconventional patching (4.14), which implies that λ = λ α dx α is not globally a one-form on X. We would like to show explicitly that η is indeed covariant and also to stress what additional structures on X are required to define the extended geometry. This is most naturally done, by defining the "untwisted" one-forms 17) which are true sections of π * T * S 2 ⊂ T * X. The O(3, 3) metric (4.16) then takes the manifestly covariant form
is an O(1, 1) metric on the T 2 fibres. We see explicitly that defining η requires additional structure beyond just the topology of X. In particular, it requires knowledge of the fibration structure defined by π and the metric on the fibres τ . This matches our discussion in section 3: the existence of an O(d, d) metric actually puts additional structure on the doubled space.
Returning to the original S 3 geometry corresponds to "solving the section condition" by taking a quotient by the U (1) symmetry generated by ∂ψ and using the metric τ to identify the vector vψ∂ψ with the one-form 1 4 R 2 vψdψ. Note that, despite the name, this is a quotient not a choice of section: the S 1 ψ bundle is non-trivial and so does not admit a global section. Alternatively one can solve the section condition by taking a quotient by ∂ ψ giving the dual S 3 /Z p geometry. After such quotients the connectionsÃ and A becomes the B-field component B i = dψ ∧Ã i + b i andB i = dψ ∧ A i + b i respectively, as is usual in T-duality 7 .
Finally, we can also define a notion of generalised Lie derivative that reduces to the conventional generalised geometry expressions on S 3 and S 3 /Z p after reduction along ∂ ψ or ∂ψ respectively. In the particular coordinates where V M = (v θ , v φ , v ψ , vψ, λ θ , λ φ ), we have the standard DFT form as in (3.3), 20) where indices are raised and lowered using the metric (4.16) and the partial derivative is given by ∂ M = (∂ θ , ∂ φ , ∂ ψ , ∂ψ, 0, 0). As discussed in the previous section, this is not a covariant expression, so cannot be used as a generic definition of L V W without specifying how the coordinates are chosen.
7 Note that we have included the b components in order to preserve the full gauge invariance of the geometry. In the S 3 example we can always choose a gauge such that e.g. B = dψ ∧Ã after taking the ∂ψ quotient. The patching (4.15) of b includes Chern-Simons terms for the connections A andÃ as is standard in the S 1 reduction of generalised geometry (see for example [59] ).
However, we can write an intrinsically covariant expression for L V W in terms of the untwisted objects V = v +λ and W = w +μ. We have are the dual one-forms in the metric (4.18) and
is the projection of α ∈ T * X onto π * T * S 2 . The additional flux terms in (4.21) are typical of generalised Lie derivatives expressed in terms of untwisted variables and feature the U (1) curvatures of the fibered cirlces F = dA andF = dÃ as well as the gauge-invariant field strength for the two-form b,
Although h clearly vanishes for the S 3 solution, we include it here so that our formulae would also describe the extended geometry for more general S 1 fibration backgrounds.
Non-geometric frames for S 3
We now consider a generalised frame {Ê L a ,Ê R a } on the T-fold X, where the right frame has the same form as (4.5) lifted to X and given the identification (4.9)
whereas for the left frame we introduce a linear phase dependence on ψ andψ
We then automatically have the correct orthonormality properties in the O(3, 3) metric η given in (4.16), namely
SinceÊ L a is an SO(3) rotation ofF L a , (andÊ R a =F R a ) the generalised metrics G defined by {Ê A } and {F A } are the same. In particular, G is independent of ψ andψ and, reducing onψ is simply the round metric on S 3 with H flux given in (4.3).
It is important to note that this frame explicitly fails to satisfy the weak section condition since generically it depends explicitly on both ψ andψ. Thus although the generalised metric is still geometric the particular choice of frame is not. The fact that different global frames on same background correspond to different gaugings is not unusual: for example, viewed as a group manifold, the standard Scherk-Schwarz reduction on S 3 defines geometrical frame with an SU (2) gauge group [15] , rather than SO (4). This only implies that the different seven-dimensional gauged supergravity theories admit the same seven-dimensional background as a solution. It is important to note that the scalars of the Scherk-Schwarz reduction define a family of frames of the formÊ ′ A = U A BÊ B , as in (2.12) but with U A B ∈ SO(4). The corresponding family of generalised metrics G ′ is given by (2.13). For the non-geometrical frames described here, the generic scalar-dependent generalised metric G ′ is non-geometric, and violates the weak constraint. It is only at the special point in scalar moduli space where U A B = δ A B that G becomes geometrical.
Thus the full uplift of the gauged supergravity is non-geometric, and, because each frame is different, for each value of a and b we get a different uplift.
We can now calculate LÊ AÊ B using the generalised Lie derivative (4.20). Since we are violating the section condition there is no reason to believe that this will form an algebra [22] . However, we find that Thus the frame gives a non-geometric uplift of the generic gaugings. We must also consider whether the new frame (4.27) is globally well-defined. Given the periodicities (4.8), we see that the factor e −i(aψ+bψ) is single valued provided 2a and 2b/q are integers. For half-maximal supersymmetry, we require not only the frame to be single valued but also the corresponding Killing spinors. Since the frame is constructed as Killing spinor bilinears, the spinors have a phase factor e −i(aψ+bψ)/2 and hence to be globally defined require
with m, n ∈ Z. The requirement a + b = 1 gives m = 1 − qn and hence we get a discrete set of allowed values of ω
Note that the algebra with ω can be mapped to that with −ω by the O(6, 6) transformation that reverses the signs onÊ L a . Hence we can view these solutions as all giving allowed values of ω lying in the range 0 ≤ ω ≤ which gives a narrower range of allowed values of ω than in the S 3 case. Secondly, we note that we can also view the non-geometry from a slightly different perspective. The frame {Ê A } actually only depends on the linear combination aψ + bψ rather than ψ andψ separately. If we make a change of variables from (ψ,ψ) to (χ,ψ) where 37) we see that the T 2 fibre of (4 .7) is spanned by the periodicities χ ∼ χ + 4π,ψ ∼ψ + 4π/q, (4.38) and we have simply made an SL(2, Z) transformation of the original torus. Thus if we quotient by ∂ψ we see that the coordinates (θ, φ, χ) parametrise a three-sphere, let us call itŜ 3 . Thus an alternative picture of the geometry is that we consider a global frame on S 3 with a generalised tangent spaceÊ
but with a non-standard twisting, O(3, 3) metric and bracket, which can be derived by expressing the formulae of section 4.1 in terms of the transformed coordinate (4.37). From this viewpoint, the construction is a generalised parallelisation in a modified generalised geometry onŜ 3 .
Alternative derivation
Returning to the original T-fold picture, let us give an alternative derivation of the algebra (4.2) that will be useful when we turn to the SO (8) gaugings in the next section. Recall that the structure constants X AB C of the algebra (4.2) can always be interpreted [13] and hence the structure constants for the {Ê A } algebra are given by 8
where 45) are the structure constants for the {F A } algebra transformed to the {Ê A } frame. Suppose now that {F A } is the standard SO (4) frame on S 3 given by (4.4) , that corresponds to ω = 1 4 π, and so, from (4.2), gives
with all other components vanishing, and where we have split A into (a,ā) indices. Now consider a rotated frame of the form (4.42), where 47) and with
As such it does not change the generalised metric G. The {Ê R a } frame is unchanged, as is {Ê L 3 }. The only frame that transforms isÊ where λāb is the generator of the U (1) ⊂ SO(4) symmetry.
To calculate X AB C we need df ∈ E * in terms of generalised frame indices. By def-
where, if v is the vector part of V ∈ E, we define V (f ) = v(f ). On the T-fold X the original frame has the form
(4.50)
We now chooseF
From (4.50), this implies, up to an irrelevant constant,
Given the form of the rotation (4.47), we immediately see that we also haveÊ L 3 (f ) = 2c/R with all otherÊ A (f ) vanishing.
We can now use (4.44) to calculate the new embedding tensor. We first note that since U A B is an element of SO (3) for standard Scherk-Schwarz reductions [15] . We then find
with all other components vanishing. We see that we reproduce the algebra (4.2) with cot ω = 1 − c. For the Killing spinors corresponding to the new frameÊ A to be globally well defined, we require the transformation U to be single valued when acting on spinors. This implies c = 2nq with n ∈ Z, as before.
S 7 and non-geometric SO(8) gaugings
We now address the problem of lifting the general SO(8) gaugings of [1] . From the proof of section 2 we know that any such lifting must violate the section condition. As such the lifts we construct here, though reproducing the correct algebra, will be poorly motivated.
In fact, as we will see, even interpreting the extended geometry physically is difficult. Our philosophy is simply to show that there is a self-consistent extended geometry in which a simple section violating construction exists.
The extended geometry
Again we will try to consider the minimal possible extension of the geometry. A fully extended space would be 56-dimensional, with a coordinate for each direction in the generalised tangent space (2.4). As discussed in section 3, the requirement that the full extended space admits a global, constant E 7(7) structure, along with a suitable foliation, is very restrictive. Here, in direct analogy to the construction in section 4.1, we will only introduce a small number of additional coordinates, in this case four. Viewing S 7 as a Hopf fibration over CP 3 , we define the ten-dimensional space
The four angular coordinates (ψ 0 , ψ 2 , ψ 4 , ψ 6 ) on the T 4 fibration are defined by identifying
where ω CP 3 is the standard Kähler form on CP 3 , normalised such that the volume form on S 7 is given by vol S 7 = 1 3! R 7 dψ ∧ ω 3 CP 3 as discussed in appendix C.2. If we compactify to type IIA by reducing along ψ, we see that ψ 0 = ψ is dual to the D0-brane charge on CP 3 , while it would appear that ψ 2 is related to D2-branes wrapped on CP 1 ⊂ CP 3 , ψ 4 to D4-branes wrapped on CP 2 ⊂ CP 3 and ψ 6 to D6-branes wrapping CP 3 . In fact as we will discuss in section 5.3, one can use this picture to determine the periodicities of angular coordinates. However, in contrast to the S 3 case discussed in section 4.1, this picture is not really consistent. In constrast to the D0-branes, the moduli space of the D2-branes on CP 3 is not itself CP 3 , so there is no justification for viewing the wrapping number of the D2-brane charges as corresponding to Kaluza-Klein modes for a S 1 ψ 2 circle fibered over CP 3 . The same is true for the D4-and D6-branes. Similarly, again in constrast to the S 3 discussion, there is no duality symmetry exchanging the different brane states.
Notwithstanding these problems of interpretation, one can define a sensible E 7(7) ×R + extended geometry on X. The generalised tangent space has the form
where P n ⊂ Λ n T * B is the bundle of primitive n-forms on the base B = CP 3 (recall an n-form α is primitive if (ω −1
. The components of V ∈ E can be matched to those in the conventional generalised tangent space on M = S 7 , as given in (2.4), as follows. Consider the two-form ω ∈ Λ 2 T * U i , the five-form σ ∈ Λ 5 T * U i and the tensor τ ∈ T * U i ⊗ Λ 7 T * U i on a patch U i ⊂ M and expand them as
where β 1,2 are primitive two-forms, and i ∂ ψ β 1,2 = 0. Using (5.2), we then identify λ 2 , λ 4 and λ 6 with the vector components v ψ 2 , v ψ 4 and v ψ 6 of v ∈ T X respectively, while γ is in π * T * B, ϕ is in π * Λ 5 T * B and ρ is in π * (T * B ⊗Λ 6 T * B), while β 1,2 are in the two π * P 2 parts of E. As in the S 3 case, they imply that E is actually defined as an extension, and that the components β 1,2 , γ and so on, are not globally forms. Choosing suitable connections, one can always define the corresponding "untwisted" objects as in (4.17), which are global forms.
For what follows we need two results. First, the E 7(7) ×R + structure on E follows directly, using the identifications (5.2), from the corresponding structure on the conventional generalised tangent space (2.4). Similarly, the generalised Lie derivative takes the standard form form (2.5), namely,
where the projection × ad uses the aforementioned E 7(7) ×R + structure and we have
where, given coordinates x α on CP 3 , we use x m = (x α , ψ 0 , ψ 2 , ψ 4 , ψ 6 ) coordinates on X. Although we will not give the expressions here, as in section 4.1 by using the untwisted objects both the E 7(7) invariants and the generalised Lie derivative can be written a manifestly covariant form, dependent on the connections on the four U (1) bundles, which in turn are determined by the fluxÃ and the Hopf fibration of S 7 .
Non-geometric frames for S 7
We construct a new non-geometric frameÊ A on S 7 from the geometrical oneF A defined in (2.24), following the procedure discussed for S 3 in section 4.3. Many of the details are relegated to appendices C and D. The generalised Weitzenböck connection is used to calculate the corresponding algebra of generalised Lie derivatives using (4.40). Concretely we haveÊ
where U is an SU (8) rotation, and as such does not change the generalised metric, that is the geometry remains a round S 7 withF flux. The structure constants for {F A } and {Ê A } are related by the analogue of (4.44), namely,
is the difference in the Weitzenböck connections for {Ê A } and {F A }, and T (K) is the projection of K onto the torsion representation 56 + 912 of E 7(7) . Decomposing under SL(8, R), as in (2.1), we find that, for the SO(8) gaugings only the 36 and 36 ′ representations of X AB C are non-zero and comparing with the spinor index form of the algebra (2.16), we find only the 36 and 36 parts are non-zero
( 5.12) (Note that the vanishing of the 56 component of X AB C is the generalised geometric analogue of the unimodular condition of Scherk-Schwarz reductions [15] .) We construct the U rotation as the combination of two separate SU (8) transformations U = U ′′ U ′ . The first rotation U ′ exactly follows the construction on S 3 . Viewing S 7 as a Hopf fibration over CP 3 breaks the SO(8) isometry group to SU (4) × U (1) H , where U (1) H is the action on the Hopf fibre. The first SU (8) rotation is by this U (1) H subgroup, and depends on all the extra coordinates ψ 0 , ψ 2 , ψ 4 and ψ 6 . The construction is easiest in spinor indices. We have the series of subgroups
where U (1) H is a subgroup of SU (2) . We can see these embeddings explicitly by introducing two real, orthonormal Spin(8) spinors, invariant under SU (6) ⊂ SU (8)
such that 
and similarly for the complex conjugate, where we decompose indices α = (1, 2,α). The analogy with the S 3 case is thatF 12 corresponds to the singletF L 3 , whileFα 1 + iFα 2 correspond toF L + , charged under U (1) H , andFαβ corresponds toF R a . As there, we consider a
such that K α β = −(df )λ α β . As in the S 3 case we choose the function f such that
Showing that such a suitable f exists is a somewhat lengthy calculation, the details of which are presented in the appendices C and D. We find ia. We can then calculate the corresponding algebra forÊ ′ A = U ′B AFB using (5.8). We first note that since U ′ ∈ Spin (8) we have Y ′ AB C = Y AB C . Taking care to get the normalisations correct we then find that the 36 and36 parts of T (K) are given by (see appendix D)
where 22) and in addition the 28 and 420 (and their complex conjugate) components vanish. If we now fix the constants so that
(5.23)
we then have
This new embedding tensor X ′ AB C is actually equivalent to the Dall'Agata et al. tensor (5.12) under a constant U (1) C ⊂ SU (8) rotation. Explicitly, we make a second trans-
Since the transformation is constant the corresponding K A B vanishes and from (5.8) we have the new embedding tensor
as for Dall'Agata et al, as required. Using the decomposition (5.17), the combined transformation can be written explicitly aŝ
12 , (5.27) whereÊα ± =Êα 1 ± iÊα 2 . We have found an explicit non-geometrical frame realising the general SO(8) gauging.
Quantisation and global structure
In section 5.1 we saw that naively the extended space coordinates ψ 0 , ψ 2 , ψ 4 and ψ 6 are associated to D0-, D2-, D4-and D6-branes on CP 3 respectively. Such a correspondence allows us to use the brane charges to fix the periodicities of the corresponding circles, just as in the S 3 case, where the winding string states fixed the periodicity of the dualψ circle to be 4π/q. As we discussed, this picture is not really consistent because the moduli spaces of the D2-, D4-and D6-branes are not themselves CP 3 . Nonetheless it is the only tool we have to try and fix the relevant periodicities, and it is interesting to see what it implies.
Following [61, 62] , the masses of the D2n-branes wrapping CP n cycles in CP 3 are calculated in appendix E, and then converted into radii in M theory units. To keep things as general as possible, we actually include the possibility that the seven-dimensional space is the ABJM [63] Hopf-fibre quotient S 7 /Z p . Using the relations (5.2), we match these masses onto Kaluza-Klein masses for the four circular coordinates, and arrive at the periodicities 28) where β = p/2q.
We now see what these periodicities imply for the non-geometric frame (5.27) . From appendix C.2, we see that theÊαβ andÊ 12 components are independent of all the ψ 2n coordinates, butÊα ± has the dependencê
As in the S 3 case the frame is constructed as a Killing spinor bilinear, so for the Killing spinors to be globally defined we need phase factor e i(f /2−ψ 0 ) to be single valued. This implies
for charges n i ∈ Z. It is encouraging that we find the second of these relations here, as it is noted in [63] that the only allowable configurations of n 2 D2-branes and n 6 D6-branes in this geometry must satisfy this relation. The conditions (5.30) ensure that the frame is globally well-defined on the extended space. However, in order that the frame realises the Dall'Agata et al. algebra, we also had to choose the constants a and b to satisfy (5.23 ). This implies a quadratic relation between the D-brane charges n i and the geometric data p and q, namely,
It is simple to check that the only solutions for p, q, n i ∈ Z, have a = b = 0, which implies ω = 0. This conclusion also holds if we require only the frameÊ A to be globally defined and not the Killing spinors themselves. The non-geometric frames fail to satisfy the desired quantisation conditions. Therefore, we are led to the conclusion that when one uses the only tool we have to fix the global properties of the extended space, there are in fact no new solutions.
Conclusions
The first part of this paper proved a no-go theorem that the generic SO (8) gaugings of [1] cannot be realised as a consistent truncation of either eleven-dimensional or type II supergravity, or as truncations of extended spacetimes that satisfy the section condition. This strongly suggests that if they are to be realised in string or M-theory the background must be intrinsically stringy, and so not captured by supergravity, or by T-fold or U-fold backgrounds that still admit a local supergravity description. We also proved a similar nogo theorem for the generic SO (4) gaugings of half-maximal seven-dimensional supergravity of [28, 29] . The second part of the paper is much more speculative. Introducing the minimal number of additional coordinates possible, we showed, building on the results of [15] , that the standard geometric round S 7 solution admits a family of non-geometric generalised frames. The frames depend on the additional coordinates in a way that violates the section condition. Assuming the generalised Lie derivative nonetheless takes the standard form, we showed these new frames reproduce the algebra of the generic SO (8) gaugings. We also showed that an analogous set of generalised frames on S 3 reproduces the generic SO (4) gaugings. In both cases, although at one point the frame defines a conventional S d geometry, for generic values of the scalar fields in the truncation, the uplifted background is non-geometric.
By associating the additional coordinates to the charges of corresponding wrapped branes, we where able to fix their periodicities. For the SO(4) case, requiring the frame to be globally defined restricted the allowed gaugings to a discrete set given by | cot ω| = 1, 2qn ± 1, 4q ± 1, . . . where q ∈ Z labels the number of units of H-flux. For the S 7 case, we found that there were no global solutions other than that giving the standard ω = 0 geometrical SO(8) gauging of [2] . It was shown in [8] that the gauging parameters should be continuous, thus even for the SO(4) case we seem to be missing some of the possible gaugings.
These results are consistent with the detailed AdS/CFT analysis of [9] . There it was shown that the standard boundary conditions for fluctuations in AdS 4 of the generic SO (8) gaugings are only supersymmetric for the standard ω = 0 case. However, there is an N = 6 truncation which classically is independent of ω, does preserve supersymmetry and simply corresponds to the ABJM background [63] . From (5.27), we see that theÊαβ components of the frame are globally defined and geometrical, independent of all the angular directions ψ i (in fact they are defined on the quotient S 7 /Z p ). They are invariant under SU (2) ⊂ SU (8) and hence define a background preserving N = 6 supersymmetry. Furthermore, under the generalised Lie derivative they define an SO(6) gauging. They thus give the uplift the N = 6 truncation discussed in [9] .
As we have stressed, finding a section-violating frame that reproduces the correct gauge algebra is not the same as showing the model can be uplifted to string or M-theory, precisely because an understanding of DFT and its M-theory cousin away from toroidal backgrounds, and furthermore when the section condition is violated, remains an open question. First one needs to define an appropriate extended geometry. As discussed in section 3, this always requires some additional structure on the underlying geometrical space. For the case of S 3 , it requires identifying a vector field and one-form on S 3 corresponding to the Hopf fibration. One can then define a four-dimensional T-fold space by also including the T-dual of the Hopf fibre, and a generalised tangent space which admits a covariant global O(3, 3) metric and generalised Lie derivative. The S 7 case is under less control. Reducing to type IIA on CP 3 along the Hopf fibre, we introduced addition circle coordinates that naively were dual to wrapped D2-, D4-and D6-branes along with the D0-branes from the Hopf fibre. However in this case there is no duality transformation relating these fibres. Furthermore, the D2-branes and D6-branes moduli spaces are not CP 3 and so it is not clear how they define a fibration. Furthermore, for both the S 3 and S 7 cases, the generalised frame violates the weak form of the section condition. In a string context this implies that modular invariance is violated and so is a radical departure from standard string constructions. For these reasons, despite showing that there is a self-consistent way to realise the generic SO (8) gauge algebra in an extended geometry, we remain sceptical as to whether this provides a way of realising the theory in M-theory. This, together with the fundamental problem of defining the additional coordinates for non-toroidal backgrounds, suggests to us that a different approach is needed if the generic gaugings are to be realised in M theory.
A A no-go theorem for SO(4) gaugings
In this appendix we derive a no-go theorem for local geometrical lifts of the SO(4) gaugings (4.1). Such a lift requires a frame {Ê A } = {Ê R a ,Ê L a } satisfying the algebra (4.2). The proof of the theorem follows closely that for the SO (8) given in section 2.2.
We can expand the framê
where the + . . . represent the one-form parts. Since bothÊ L a andÊ R a form su(2) algebras and su(2) is simple, we can again conclude that none of the u a and vā can vanish. Furthermore, given the frame is orthonormal, that is the generalised metric satisfies
we again have that {Ê R a ,Ê L a } are generalised Killing vectors. Crucially the condition LÊ L aÊ R a = 0 implies that [u a , vā] = 0. Thus we have six non-zero Killing vectors generating the so(4) = su(2) ⊕ su(2) algebra. We are forced to conclude that the local geometry is the round S 3 with constant H-flux, and, up to an irrelevant global SO(4) rotation we havê
where r a and lā are the right-and left-invariant vector fields on S 3 given in (B.2).
Recall that we showed in [15] that the round S 3 geometry admitted a (global) generalised frame, given in (4.4), such that
Since any other orthonormal frame must be related by a local SO(3) × SO(3) rotation, we need a local SO(3) × SO(3) transformation U such that
Taking the norms of each side in the local S 3 metric, it is clear that there is no such U unless ω = 1 4 π, which is the case of the original S 3 gauging. As for the new SO(8) gaugings, we have now shown that there is no way to realise this family of gauge algebras with a local generalised frame.
B S 3 conventions
We take the metric on S 3
where ψ ≃ ψ + 4π. The standard left-and right-invariant vector fields are
with the corresponding left-and right-invariant one-forms
C S 7 conventions and calculations
C.1 Definitions for {F A } frame
We briefly review the definitions of some objects from [15] used to construct the generalised frames {F A } on S 7 . We consider constrained coordinates y i , for i = 1, . . . , 8 with δ ij y i y j = 1. In terms of these variables, the round metric on S 7 takes the form
The Killing vectors v ij were expressed in terms of the conformal Killing vectors k i (satisfying
We also define
C.2 The Hopf fibration
To define the S 7 as the Hopf fibration over CP 3 we introduce the complex coordinates 9 on
The unit S 7 sphere is defined by the constraint z az a = 1, wherez a = δ aāzā and CP 3 is the quotient of S 7 by the U (1) action z a → e iα z a . The metric (C.1) can be written as
and ds 2 CP 3 is the Fubini-Study metric on CP 3 , manifestly invariant under an SU (4) action on z a , ds
Note that one can also construct the corresponding Kähler form on CP 3
where throughout we are using z a dz a +z a dz a = 0 as a result of the constraint z az a = 1. Introducing the unconstrained coordinates
where r 2 (1 + w iw i ) = 1 on S 7 , one has the standard expressions
and
We can then see explicitly that dA = 2ω CP 3 . In terms of the real coordiantes y i , we note that
where Ω is the SU (4)-invariant symplectic form on C 4 , with the non-zero components Ω 12 = Ω 34 = Ω 56 = −Ω 78 = 1. Hence for the objects defined in appendix C.1, one finds
The minus sign in the definition of z 4 here ensures that the orientation of the complex structure matches the SU ( D E 7(7) × R + generalised geometry in SU (8) indices
In this appendix we provide expressions for E 7(7) × R + generalised geometry objects expressed in SU (8) indices, following the conventions of [13, 14] .
D.1 Gamma matrix conventions and formulae
We follow the conventions of [14] . Briefly, these include taking the representation of Cliff(7, R) with γ (7) = −i and building a representation of the Spin(8) algebra viâ
This representation has negative chirality aŝ
We have the useful completeness relations,
and we use the transpose intertwinerC =C T to raise and lower spinor indices, and a Fierz identity, which also serves as our definition of ǫ α 1 ...α 8 ,
Another Fierz identity we will need iŝ
where we use the antisymmetrisation convention that αα ′ ≡ [αα ′ ].
D.2 Index conventions
First we split the E 7(7) × R + frame index A = 1, . . . , 56 into a pair of antisymmetrised indices under the SL(8, R) subgroup as
An example of such a frame is the "conformal split frame"
where we split i = (a, 8) and definê (D.8)
given a conventional frame {ê a } for T M and its dual {e a } for T * M . Conformal split frames always exist, and any other frame is related to (D.7) by a general local E 7(7) ×R + transformation. Given two generalised vectors V, V ′ ∈ E of the form (2.4), the E 7(7) symplectic invariant defines a top-form
where Φ 2 ∈ Λ 7 T * M is a volume form that depends on the choice of frame, and scales under the action of R + . For a split conformal frame it is given by Φ 2 = e 2∆ e 1... 7 . In terms of the generalised metric G, defined by {Ê A } via (2.10), it is vol G = e 2∆ vol g . The symplectic invariant (together with the density Φ) defines an isomorphism between E and E * , and so we can introduce a similar decomposition for the dual basis
where E ii ′ = −2Φ −2Ê ii ′ and E ′ii ′ = 2Φ −2Ê′ii ′ , so that, for example, for the conformal split frame, we have E ′a8 = 2e −∆ e a . The factor of two is conventional, and implies the contraction between V ∈ E and W ∈ E * is given by
In particular the derivative along V is given by
where, in the conformal split frame, if V has the form (2.4) then V a8 = e −∆ v a and ∂ a8 = 1 2 e ∆ ∂ a . One can similarly decomposeÊ A under SU (8) as
whereĒ αα ′ is the complex conjugate ofÊ αα ′ . We use the common SO (8) group to relate the two frames via gamma matrices aŝ
such that the components are related by
The orthogonality relations (D.10) under the symplectic pairing now read
For W ∈ E * we expand
where the components W αβ andW αβ of the dual vector W ∈ E * are defined as in (D.16). The contraction (D.12) then reads
D.3 Torsion
In order to calculate the structure constants of the algebra via (5.8) we need an expression for the projection
The normalisation of the SU (8) action of K onÊ A is given by
where K is a matrix valued-section of E * , satisfying K = −K † and tr K = 0, with components, if we expand following (D.18),
Decomposing into SU (8) representations we have For the K of interest we will see that only the 36 component is non-zero. However, to calculate (5.8), we will need the normalisation of this component compatible with the identification (5.12) from the algebra (2.16). We first recall that given V ∈ E, the tensor T (V ) lies in the adjoint representation of E 7 (7 we note that, using (2.9), where A is the Hopf fibration connection (C.12). It is easy to check this leads to the desired fluxF and hencê
Rather than calculate the other SU (4) components in (5.17) explicitly, for the calculation in section 5.2, we only need to know the combinations of ∂ ψ , ω CP 3 , dψ ∧ ω CP 3 and dψ ⊗ vol g that appear inFαβ,Fα 1 andFα 2 . The easiest way to calculate this is using the symplectic invariant of E 7 (7) . Recall that the frame {F A } satisfies the orthogonality relations (D.17) with Φ 2 = e 2∆ vol g . Let us focus on the subspace of E spanned by ∂ ψ , ω CP 3 , dψ ∧ ω CP 3 and dψ ⊗ vol g . Using the fact the symplectic pairing ofFαβ,Fα 1 andFα 2 with bothF 12 andF 12 must vanish, we find Hence we can conclude that, in the coordinates (C.11),Fαβ is independent of ψ while for Fα ± =Fα 1 ± iFα 2 we have L ∂ ψFα ± = ±2iFα ± and hence have the dependencê 
D.5 Calculation of T (K)
We first need to satisfy the condition (5.19) on f . Given the form of (D.37) and (D.38) and the identifications (5.2), we require E Type IIA and charges
The reduction of S 7 /Z p on the Hopf fibre to IIA is presented in [63] . We use the conventions of [60] , though here we dualise the "democratic" RR fluxes F (6) and F (8) in the equations of motion, thus keeping only F (2) and F (4) . Equivalently, one can merely start from the action we see that these satisfy the ten-dimensional equations of motion following from the action (E.1). We now calculate the masses of D-branes wrapping the non-trivial cycles of CP 3 following [61, 62] . The mass of a Dn-brane in type IIA units is given by (see e.g. [64] ) M n,IIA = τ n Vol(C),
where g s = e φ is the string coupling, Vol(C) is the volume of the brane wrapping C and we have set α ′ = 1. We are interested in the Dn-branes wrapping the CP n cycles of CP 3 . We wish to define circles spanned by extra coordinates, whose radii are such that the first KK modes around these dual circles give precisely the masses of the wrapped branes. We therefore set R n,IIA = [M n,IIA ] −1 .
(E.7)
From (E.2), there is an overall factor which gives the conversion between string units and M theory units 
